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Let G = (VG , EG ) be a simple connected graph. The eccentric distance sum of G is
deﬁned as ξd(G) = ∑v∈VG εG (v)DG (v), where εG (v) is the eccentricity of the vertex v
and DG (v) =∑u∈VG d(u, v) is the sum of all distances from the vertex v . In this paper
we ﬁrst characterize the extremal trees among n-vertex conjugated trees (trees with a
perfect matching) having the minimal and second minimal eccentric distance sums. Then
we identify the trees with the minimal and second minimal eccentric distance sums among
the n-vertex trees with matching number m. Finally, we characterize the extremal tree with
the second minimal eccentric distance sum among the n-vertex trees of a given diameter.
Consequently, we determine the trees with the third and fourth minimal eccentric distance
sums among the n-vertex trees, which is a continuance study as the results in [G.H. Yu,
L.H. Feng, A. Ilic´, On the eccentric distance sum of trees and unicyclic graphs, J. Math. Anal.
Appl. 375 (2011) 99–107].
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
We consider only simple connected graphs (i.e. ﬁnite, undirected graphs without loops or multiple edges). Let G =
(VG , EG) be a graph with u, v ∈ VG , dG(u) (or d(u) for short) denotes the degree of u; the distance dG(u, v) is deﬁned as
the length of the shortest path between u and v in G; DG(v) (or D(v) for short) denotes the sum of all distances from v .
The eccentricity ε(v) of a vertex v is the maximum distance from v to any other vertex.
A single number that can be used to characterize some property of the graph of a molecule is called a topological
index, or graph invariant. Topological index is a graph theoretic property that is preserved by isomorphism. The chemical
information derived through topological index has been found useful in chemical documentation, isomer discrimination,
structure property correlations, etc. [2]. For quite some time there has been rising interest in the ﬁeld of computational
chemistry in topological indices. The interest in topological indices is mainly related to their use in nonempirical quantitative
structure–property relationships and quantitative structure–activity relationships. Among various indices, the Wiener index
has been one of the most widely used descriptors in quantitative structure activity relationships. Many recently established
topological indices such as degree distance index, eccentric connectivity index and so on are used as molecular descriptors.
The Wiener index is deﬁned as the sum of all distances between unordered pairs of vertices
W (G) =
∑
u,v∈VG
d(u, v).
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of a molecule (modeled by a graph). For the recent survey on Wiener index one may refer to [4] and the references cited
therein.
The degree distance index DD(G) was introduced by Dobrynin and Kochetova [5] and Gutman [10] as graph-theoretical
descriptor for characterizing alkanes; it can be considered as a weighted version of the Wiener index
DD(G) =
∑
u,v∈VG
(
dG(u) + dG(v)
)
d(u, v) =
∑
v∈VG
dG(v)DG(v),
where the summation goes over all pairs of vertices in G .
Sharma, Goswami and Madan [17] introduced a distance-based molecular structure descriptor, eccentric connectivity index
(ECI) deﬁned as
ζ c(G) =
∑
v∈VG
ε(v)dG(v).
The index ζ c(G) was successfully used for mathematical models of biological activities of diverse nature [7,8]. For the study
of its mathematical properties one may refer to [14,13,16] and the references therein.
Recently, a novel graph invariant for predicting biological and physical properties – eccentric distance sum (EDS) was
introduced by Gupta, Singh and Madan [9], which was deﬁned as
ξd(G) =
∑
v∈VG
ε(v)DG(v).
The eccentric distance sum can be deﬁned alternatively as
ξd(G) =
∑
u,v∈VG
(
ε(v) + ε(u))d(u, v).
This topological index has vast potential in structure activity/property relationships; it also displays high discriminating
power with respect to both biological activity and physical properties; see [9]. From [9] we also know that some structure
activity and quantitative structure property studies using eccentric distance sum were better than the corresponding values
obtained using the Wiener index. It is also intersting to study the mathematical property of this topological index. Yu, Feng
and Ilic´ [18] identiﬁed the extremal unicyclic graphs of given girth having the minimal and second minimal EDS; they also
characterized the trees with the minimal EDS among the n-vertex trees of a given diameter. Hua, Xu and Shu [12] obtained
the sharp lower bound on EDS of n-vertex cacti. Ilic´, Yu and Feng [15] studied the various lower and upper bounds for the
EDS in terms of the other graph invariant including the Wiener index, the degree distance index, the eccentric connectivity
index and so on. Motivated by [2,1,6,12–14,16,18] it is natural for us to continue the research on the eccentric distance sum
invariant.
This paper is organized as follows. In Section 2, we give some preliminaries which will be used in the subsequent
sections. In Section 3, we characterize the trees with the minimal and second minimal eccentricity distance sums among all
the n-vertex trees with perfect matchings, while in Section 4, we identify the trees with the minimal and second minimal
eccentricity distance sums among all the n-vertex trees with matching number m. In the last section, we characterize the
extremal trees with the second minimal eccentric distance sum among the n-vertex trees of a given diameter. Consequently,
we determine the trees with the third and fourth minimal eccentric distance sums among the n-vertex trees.
2. Preliminaries
In this section, we give some preliminaries which will be used to prove our main results. Throughout the text we denote
by Pn , Sn the path and star on n vertices, respectively. We call graph G a double-star graph, if G contains just two non-
pendant vertices. G − v , G − uv denote the graph obtained from G by deleting vertex v ∈ VG , or edge uv ∈ EG , respectively
(this notation is naturally extended if more than one vertex or edge is deleted). Similarly, G + uv is obtained from G by
adding vertex edge uv /∈ EG . For v ∈ VG , let NG(v) (or N(v) for short) denote the set of all the adjacent vertices of v in G;
in particular let NG [u] = NG(u) ∪ {u}. The diameter diam(G) of a graph is the maximum eccentricity of any vertex in the
graph.
Two distinct edges in a graph G are independent if they do not have a common end vertex in G . A set of pairwise
independent edges of G is called a matching of G , while a matching of maximum cardinality is a maximum matching
of G . Let M be a matching of G . The vertex v in G is M-saturated if v is incident with an edge in M; otherwise, v is
M-unsaturated. A perfect matching M of G means that each vertex of G is M-saturated; clearly, every perfect matching
is maximum. The matching number m of G is the cardinality of a maximum matching of G; we also call such maximal
matching as an m-matching. It is easy to prove by induction that a perfect matching of a tree is unique when it exists. For
convenience, let Tn,m be the set of all n-vertex trees with matching number m.
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We denote by Tn,m the tree obtained from the star graph Sn−m+1 by attaching a pendant edge to each of certain m − 1
non-central vertices of Sn−m+1. It is easy to see that Tn,m contains an m-matching. If n = 2m, then it has a perfect matching.
We denote by T ′2m,m the tree obtained from T2m−2,m−1 by attaching a P3 to a vertex of degree 2 in T2m−2,m−1. Graphs Tn,m
and T ′2m,m are depicted in Fig. 1.
Lemma 2.1. (See [11].) Let T be a tree with n (n > 2) vertices and with a perfect matching. Then T has at least two pendant vertices
such that they are adjacent to vertices of degree 2, respectively.
Lemma 2.2. (See [11].) Let T be an n-vertex tree with an m-matching, and n = 2m+1. Then T has a pendant vertex which is adjacent
to a vertex of degree 2.
Lemma 2.3. (See [3,11].) Let T be an n-vertex tree with an m-matching where n > 2m. Then there is an m-matching M and a pendant
vertex v such that M does not saturate v.
In [18], Yu, Feng and Illic´ introduced a graphic transformation which decreases the EDS.
Lemma 2.4. (See [18].) Given a connected graph G with uv ∈ EG ,du  2 and each member in N(v) \ {u} = {v1, v2, . . . , vt} is a
pendant vertex, t  1. Let G ′ = G − {vv1, vv2, . . . , vvt} + {uv1,uv2, . . . ,uvt}. Then ξd(G ′) < ξd(G).
We call the transformation in Lemma 2.4 as Transformation I. Let Cn,d be the n-vertex tree obtained from Pd+1 =
v0v1 . . . vd by attaching n − d − 1 pendant vertices to vd/2 on the path Pd+1.
Lemma 2.5. (See [18].) Among trees on n vertices of diameter d, Cn,d deﬁned as above is the unique graph having the minimal eccentric
distance sum.
3. The minimal EDS of trees in T2m,m
In this section, we are to determine the trees with the minimal and second minimal EDS among the n-vertex trees each
of which contains a perfect matching. Note that T2m,m contains just P2 (resp. P4) for m = 1 (resp. m = 2), hence in what
follows we consider m 3.
Theorem 3.1. Let T ∈ T2m,m. Then
ξd(T ) 43m2 − 72m + 34.
The equality holds if and only if T ∼= T2m,m, where T2m,m is depicted in Fig. 1.
Proof. Note that in T2m,m , for all x ∈ N(u), ε(x) = 3; for all x ∈ VT2m,m \ N[u], ε(x) = 4 and ε(u) = 2, hence we have
ξd(T2m,m) =
∑
x∈VT2m,m
ε(x)D(x)
= (m − 1)4(1+ 2+ 3(m − 1) + 4(m − 2))+ (m − 1)3(1+ 1+ 2(m − 1) + 3(m − 2))
+ 2(m + 2(m − 1))+ 3(1+ 2(m − 1) + 3(m − 1))
= 43m2 − 72m + 34.
Therefore, we next show by induction that ξd(T ) ξd(T2m,m) holds for all T ∈ T2m,m , with equality if and only if T ∼= T2m,m .
It is straightforward to check that our result holds for m = 3. Let T ∈ T2m,m with m  4. By Lemma 2.1, T contains a
pendant vertex, say v , which is adjacent to a vertex, say w , of degree 2. Hence, there is a unique vertex u (	= v) such that
uw ∈ ET . Let T ′ = T − v − w . It is easy to check that T ′ ∈ T2m−2,m−1, hence
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εT (v) = 2+ εT ′(u) and
∣∣NT ′(u)∣∣m − 1. (3.1)
By the deﬁnition of EDS, we have
ξd(T ) =
∑
x∈VT ′
εT (x)DT (x) + εT (w)DT (w) + εT (v)DT (v)
=
∑
x∈VT ′
εT (x)
(
DT ′(x) + 2dT ′(x,u) + 3
)+ ′

∑
x∈VT ′
εT ′(x)
(
DT ′(x) + 2dT ′(x,u) + 3
)+ ′ (3.2)
= ξd(T ′)+  + ′, (3.3)
where
 =
∑
x∈VT ′
εT ′(x)
(
2dT ′(x,u) + 3
)
,
′ = εT (w)
(
DT ′(u) + 1+ 2(m − 1)
)+ εT (v)(DT ′(u) + 1+ 4(m − 1)).
The inequality in (3.2) follows from (3.1), with equality if and only if εT (x) = εT ′ (x) for all x ∈ VT ′ . In what follows we are
to determine the sharp lower bounds on  and ′ , respectively.
On the one hand,
 = εT ′(u)
(
2dT ′(u,u) + 3
)+ ∑
x∈NT ′ (u)
εT ′(x)
(
2dT ′(x,u) + 3
)+ ∑
x∈VT ′ \N[u]
εT ′(x)
(
2dT ′(x,u) + 3
)
 3εT ′(u) +
∑
x∈NT ′ (u)
εT ′(x)(2 · 1+ 3) +
∑
x∈VT ′ \N[u]
εT ′(x)(2 · 2+ 3) (3.4)
 6+ 3 · 5 · ∣∣NT ′(u)∣∣+ 4 · 7 · (2(m − 1) − ∣∣NT ′(u)∣∣− 1) (3.5)
= 56m − 13∣∣NT ′(u)∣∣− 78
 43m − 65. (3.6)
In view of (3.1), equality in (3.4) holds if and only if d(u, x) = 2 for all x ∈ V T ′ \ N[u]; equality in (3.5) holds if and
only if εT ′(u) = 2, εT ′ (x) = 3 for all x ∈ NT ′(u) and εT ′(x) = 4 for all x ∈ VT ′ \ N[u]; equality in (3.6) holds if and only if
|NT ′(u)| =m − 1. Hence,  = 43m − 65 holds if and only if T ′ ∼= T2m−2,m−1.
On the other hand,
′ = (1+ εT ′(u))(DT ′(u) + 1+ 2(m − 1))+ (2+ εT ′(u))(DT ′(u) + 1+ 4(m − 1))
= (2εT ′(u) + 3)DT ′(u) + (6m − 4)εT ′(u) + 10m − 7
 7DT ′(u) + 2(6m − 4) + 10m − 7 (3.7)
 7
(
(m − 1) + 2(m − 2))+ 22m − 15 (3.8)
= 43m − 50.
In view of (3.1), equality in (3.7) holds if and only if εT ′(u) = 2; equality in (3.7) holds if and only if |NT ′(u)| =m − 1 and
d(u, x) = 2 for all x ∈ VT ′ \ N[u]. Hence, ′ = 43m − 50 holds if and only if T ′ ∼= T2m−2,m−1.
Therefore, combining with (3.3) and by induction we obtain
ξd(T ) ξd(T2m−2,m−1) + 86m − 115 (3.9)
= ξd(T2m,m).
Equality holds in (3.9) if and only if T ′ ∼= T2m−2,m−1 and all the equalities in (3.2)–(3.8) hold. Hence, T ∼= T2m,m .
This completes the proof. 
In the rest of this section, we are to determine the unique tree with the second minimal EDS among T2m,m . It is easy to
check that T6,3 = {P6, T6,3}. Hence, we consider m 4 in the following.
Fact 1. Let T be in T2m,m \ {T2m,m} with a longest path P = v0v1 . . . vl . Then l 5.
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Proof. If l < 5, then l = 4; otherwise, T contains no perfect matching. Hence T ∼= T2m,m , a contradiction. 
Theorem 3.2. Let T be the tree in T2m,m \ {T2m,m}. Then
ξd(T ) 55m2 − 66m − 52,
and the equality holds if and only if T ∼= T ′2m,m, where T ′2m,m is depicted in Fig. 1.
Proof. Note that in T ′2m,m , for all x ∈ N(u) \ {y}, ε(x) = 4; for all x ∈ VT ′2m,m \ (N[u] ∪ {s, z}), ε(x) = 5, ε(s) = ε(z) = 4 and
ε(u) = ε(y) = 3, hence we have
ξd
(
T ′2m,m
)= ∑
x∈VT ′2m,m
ε(x)D(x)
= 3 · 3m + 4 · (5m − 2) + 3 · (5m − 8) + 4 · (m − 3)(5m − 4) + 4 · (7m − 12)
+ 4 · (7m − 10) + 5 · (m − 3)(7m − 6) + 5 · (9m − 14)
= 55m2 − 66m − 52.
Therefore, we next show by induction that ξd(T ) ξd(T ′2m,m) holds for all T ∈ T2m,m , with equality if and only if T ∼= T ′2m,m .
When m = 4, all the trees in T8,4 \ {T8,4, P8} are depicted in Fig. 2. By direct computation, it is straightforward to check
that our result holds for m = 4.
We now suppose m 5 and proceed by induction. Let T be the tree in T2m,m \{T2m,m}, and P = v0v1 . . . vl be the longest
path in T . By Fact 1, l 5. Since n 10, it follows that T has a pendant vertex v which is adjacent to a vertex w of degree 2
such that T ′ = T − v − w contains a path of length 5, i.e., diam(T ′) 5. In fact, if l  7, take v = vl , w = vl−1; otherwise,
note that n 10 and T has a perfect matching, there must exist a pendant vertex v (	= v0, vl) such that it is adjacent to a
vertex, say w , of degree 2. It is easy to check that T ′ ∈ T2m−2,m−1 \ {T2m−2,m−1}, hence
εT (x) εT ′(x) 3 for any x ∈ VT ′ , εT (w) = 1+ εT ′(u),
εT (v) = 2+ εT ′(u) and
∣∣NT ′(u)∣∣m − 2. (3.10)
By the deﬁnition of EDS, we have
ξd(T ) =
∑
x∈VT ′
εT (x)DT (x) + εT (w)DT (w) + εT (v)DT (v)
=
∑
x∈VT ′
εT (x)
(
DT ′(x) + 2dT ′(x,u) + 3
)+ ′1

∑
x∈VT ′
εT ′(x)
(
DT ′(x) + 2dT ′(x,u) + 3
)+ ′1 (3.11)
= ξd(T ′)+ 1 + ′1, (3.12)
where
1 =
∑
x∈VT ′
εT ′(x)
(
2dT ′(x,u) + 3
)
,
′1 = εT (w)
(
DT ′(u) + 1+ 2(m − 1)
)+ εT (v)(DT ′(u) + 1+ 4(m − 1)).
The equality in (3.11) holds if and only if εT (x) = εT ′(x) for all x ∈ VT ′ . In what follows we are to determine the sharp lower
bounds on 1 and ′1, respectively.
On the one hand,
1 = εT ′(u)
(
2dT ′(u,u) + 3
)+ ∑
x∈NT ′ (u)
εT ′(x)
(
2dT ′(x,u) + 3
)+ ∑
x∈VT ′ \N[u]
εT ′(x)
(
2dT ′(x,u) + 3
)
 3εT ′(u) +
∑
x∈N ′ (u)
εT ′(x)(2 · 1+ 3) +
∑
x∈V ′ \(N[u]∪{z})
εT ′(x)(2 · 2+ 3) + (2 · 3+ 3)εT ′(z) (3.13)
T T
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= 70m − 15∣∣NT ′(u)∣∣− 105
 55m − 75. (3.15)
In view of (3.10), equality in (3.13) holds if and only if there is a unique vertex z in T ′ such that d(z,u) = 3 and d(u, x) = 2
for all x ∈ VT ′ \ (N[u] ∪ {z}), i.e., diam(T ′) = 5; equality in (3.14) holds if and only if εT ′ (u) = 3 and there exists just one
vertex u′ ∈ NT ′(u) such that εT ′(u′) = 3 and |NT ′(u′)| = 3; equality in (3.15) holds if and only if |NT ′(u)| = m − 2. Hence,
1 = 55m − 75 holds if and only if T ′ ∼= T ′2m−2,m−1.
On the other hand,
′1 =
(
1+ εT ′(u)
)(
DT ′(u) + 1+ 2(m − 1)
)+ (2+ εT ′(u))(DT ′(u) + 1+ 4(m − 1))
= (2εT ′(u) + 3)DT ′(u) + (6m − 4)εT ′(u) + 10m − 7
 9DT ′(u) + 3(6m − 4) + 10m − 7 (3.16)
 9
(
(m − 2) + 2(m − 2) + 3)+ 28m − 19 (3.17)
= 55m − 46.
In view of (3.10), equality in (3.17) holds if and only if εT ′ (u) = 3; equality in (3.17) holds if and only if |NT ′(u)| =m − 2,
d(z,u) = 3 and d(u, x) = 2 for all x ∈ VT ′ \ (N[u] ∪ {z}). Hence, ′1 = 55m − 46 holds when T ′ ∼= T ′2m−2,m−1.
Therefore, combining with (3.12) and by induction we obtain
ξd(T ) ξd
(
T ′2m−2,m−1
)+ 110m − 121 = ξd(T ′2m,m). (3.18)
Equality holds in (3.18) if and only if T ′ ∼= T ′2m−2,m−1 and all the equalities in (3.11)–(3.18) hold. Hence, T ∼= T ′2m,m .
This completes the proof. 
4. The minimal and the second minimal EDS of trees with anm-matching
In this section, we are to determine the trees with the minimal and second minimal EDS among the n-vertex trees with
matching number m. Note that Tn,m contains just Sn for m = 1 and Tn,m contains all double-star graphs of order n with
m = 2, hence in what follows we consider m 3.
Theorem 4.1. Let T be an n-vertex (n 2m) tree with an m-matching. Then
ξd(T ) 6n2 +m2 + 9mn − 22n − 28m + 34,
and the equality holds if and only if T ∼= Tn,m, where Tn,m is depicted in Fig. 1.
Proof. Note that in Tn,m , for all x ∈ N(u), ε(x) = 3; for all x ∈ VT2m,m \ N[u], ε(x) = 4 and ε(u) = 2, hence we have
ξd(Tn,m) =
∑
x∈ VTn,m
ε(x)D(x)
= (m − 1)4(1+ 2+ 3(n −m − 1) + 4(m − 2))+ (m − 1)3(1+ 1+ 2(n −m − 1) + 3(m − 2))
+ 2(n − 2m + 1+m − 1+ 2(m − 1))+ (n − 2m + 1)3(1+ 2(n −m − 1) + 3(m − 1))
= 6n2 +m2 + 9mn − 22n − 28m + 34.
Therefore, we next show by induction on n that ξd(T ) ξd(Tn,m) holds for all T ∈ Tn,m , with equality if and only if T ∼= Tn,m .
By Theorem 3.1, our result holds for n = 2m. We now suppose n 2m + 1 and proceed by induction on n. Let T ∈ Tn,m .
By Lemma 2.3, T has an m-matching M and a pendant vertex v such that M does not saturate v . Let u be the unique vertex
such that vu is a pendant edge. Let T ′ = T − v . It is easy to check that T ′ ∈ Tn−1,m , hence
εT (x) εT ′(x) 2 for any x ∈ VT ′ , εT (v) = 1+ εT ′(u) and
∣∣NT ′(u)∣∣ n −m − 1. (4.1)
By the deﬁnition of EDS, we have
ξd(T ) =
∑
x∈VT ′
εT (x)DT (x) + εT (v)DT (v)
=
∑
x∈V ′
εT (x)
(
DT ′(x) + dT ′(x,u) + 1
)+ ′2
T
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∑
x∈VT ′
εT ′(x)
(
DT ′(x) + dT ′(x,u) + 1
)+ ′2 (4.2)
= ξd(T ′)+ 2 + ′2, (4.3)
where
2 =
∑
x∈VT ′
εT ′(x)
(
dT ′(x,u) + 1
)
,
′2 = εT (v)
(
DT ′(u) + n − 1
)
.
The inequality in (4.2) follows from (4.1), with equality if and only if εT (x) = εT ′ (x) for all x ∈ VT ′ . In what follows we are
to determine the sharp lower bounds on 2 and ′2, respectively.
On the one hand,
2 = εT ′(u)
(
dT ′(u,u) + 1
)+ ∑
x∈NT ′ (u)
εT ′(x)
(
dT ′(x,u) + 1
)+ ∑
x∈VT ′ \N[u]
εT ′(x)
(
dT ′(x,u) + 1
)
 εT ′(u) +
∑
x∈NT ′ (u)
εT ′(x)(1+ 1) +
∑
x∈VT ′ \N[u]
εT ′(x)(2+ 1) (4.4)
 2+ 3 · 2 · ∣∣NT ′(u)∣∣+ 4 · 3 · (n − 1− ∣∣NT ′(u)∣∣− 1) (4.5)
= 12n − 6∣∣NT ′(u)∣∣− 22
 6n + 6m − 16. (4.6)
In view of (4.1), equality in (4.4) holds if and only if d(u, x) = 2 for all x ∈ V T ′ \ N[u]; equality in (4.5) holds if and
only if εT ′(u) = 2, εT ′ (x) = 3 for all x ∈ NT ′(u) and εT ′ (x) = 4 for all x ∈ VT ′ \ N[u]; equality in (4.6) holds if and only if
|NT ′(u)| = n −m − 1. Hence, 2 = 6n + 6m − 16 holds if and only if T ′ ∼= Tn−1,m .
On the other hand,
′2 =
(
1+ εT ′(u)
)(
DT ′(u) + n − 1
)
= (εT ′(u) + 1)DT ′(u) + (n − 1)εT ′(u) + n − 1
 3DT ′(u) + 2(n − 1) + n − 1 (4.7)
 3
(
n −m − 1+ 2(m − 1))+ 3n − 3 (4.8)
= 6n + 3m − 12.
In view of (4.1), equality in (4.7) holds if and only if εT ′(u) = 2; equality in (4.8) holds if and only if |NT ′(u)| = n −m − 1
and d(u, x) = 2 for all x ∈ VT ′ \ N[u]. Hence, ′2 = 6n + 3m − 12 holds if and only if T ′ ∼= Tn−1,m .
Therefore, combining with (4.3) and by induction we obtain
ξd(T ) ξd(Tn−1,m) + 12n + 9m − 28 (4.9)
= ξd(Tn,m).
Equality holds in (4.9) if and only if T ′ ∼= Tn−1,m and all the equalities in (4.2)–(4.9) hold. Hence, T ∼= Tn,m .
This completes the proof. 
In view of Theorem 4.1, we obtain the following known results.
Corollary 4.2. (See [18].) Among trees on n vertices, the star Sn has the minimal eccentric distance sum, while Cn,3 has the second
minimal eccentric distance sum.
Proof. For m = 1, Tn,1 = {Sn}; for m = 2, Tn,2 is the set of all n-vertex double-star graphs. By Lemma 2.5, we have Cn,3 has
the minimal eccentric distance sum in Tn,2.
For m 3, let
f (m) = 6n2 +m2 + 9mn − 22n − 28m + 34,
then we have f ′(m) = 2m + 9n − 28 > 0. Hence f (m) is an increasing function for m  3. Therefore, in order to complete
the proof, it suﬃces to compare EDS of Sn,Cn,3 and Tn,3. By Lemma 2.4, we get
ξd(Sn) < ξ
d(Cn,3) < ξ
d(Tn,3).
Our result follows immediately. 
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Theorem 4.3. Let T be the tree in Tn,m \ {Tn,m} (n > 2m 6). Then
ξd(T ) 6n2 +m2 + 9mn − 13n − 26m − 9,
and the equality holds if and only if T ∼= T ′n,m, where T ′n,m = Tn,m − uq + pq and Tn,m is depicted in Fig. 1.
Proof. Note that in T ′n,m , for all x ∈ N(u), ε(x) = 3; for all x ∈ VT ′n,m \ N[u], ε(x) = 4 and ε(u) = 2, hence we have
ξd
(
T ′n,m
)= ∑
x∈ VT ′n,m
ε(x)D(x)
= (m − 2)4(1+ 2+ 3(n −m − 2) + 4(m − 1))+ (m − 2)3(1+ 1+ 2(n −m − 2) + 3(m − 1))
+ 2(n − 2m +m − 1+ 2m) + (n − 2m)3(1+ 2(n −m − 2) + 3m)
+ 3(3+ 2(n −m − 2) + 3(m − 2))+ 2 · 4(1+ 4+ 3(n −m − 2) + 4(m − 2))
= 6n2 +m2 + 9mn − 13n − 26m − 9.
Therefore, we next show by induction on n that ξd(T ) ξd(T ′n,m) holds for all T ∈ Tn,m \ {Tn,m}, with equality if and only if
T ∼= T ′n,m .
First we suppose n = 2m + 1. We prove that theorem holds in the case of n = 2m + 1 by induction on m.
If m = 3, all the trees in T7,3 are depicted in Fig. 3. By direct computation our result holds in this case.
We now suppose m  4, and proceed by induction. Let T ∈ T2m+1,m \ {T2m+1,m}. By Lemma 2.2, T contains a pendant
vertex, say v , which is adjacent to a vertex, say w , of degree 2. Hence, there is a unique vertex u (	= v) such that uw ∈ ET .
Let T ′ = T − v − w . It is easy to check that T ′ ∈ T2m−1,m−1 \ {T2m−1,m−1}, hence
εT (x) εT ′(x) 2 for any x ∈ VT ′ , εT (w) = 1+ εT ′(u),
εT (v) = 2+ εT ′(u) and
∣∣NT ′(u)∣∣m − 1. (4.10)
By the deﬁnition of EDS, we have
ξd(T ) =
∑
x∈VT ′
εT (x)DT (x) + εT (w)DT (w) + εT (v)DT (v)
=
∑
x∈VT ′
εT (x)
(
DT ′(x) + 2dT ′(x,u) + 3
)+ ′3

∑
x∈VT ′
εT ′(x)
(
DT ′(x) + 2dT ′(x,u) + 3
)+ ′3 (4.11)
= ξd(T ′)+ 3 + ′3, (4.12)
where
3 =
∑
x∈VT ′
εT ′(x)
(
2dT ′(x,u) + 3
)
,
′3 = εT (w)
(
DT ′(u) + 1+ 2m − 1
)+ εT (v)(DT ′(u) + 1+ 2(2m − 1)).
The inequality in (4.11) follows from (4.10), with equality if and only if εT (x) = εT ′ (x) for all x ∈ VT ′ . In what follows we
are to determine sharp lower bounds on 3 and ′3, respectively.
On the one hand,
3 = εT ′(u)
(
2dT ′(u,u) + 3
)+ ∑
x∈NT ′ (u)
εT ′(x)
(
2dT ′(x,u) + 3
)+ ∑
x∈VT ′ \N[u]
εT ′(x)
(
2dT ′(x,u) + 3
)
 3εT ′(u) +
∑
x∈N ′ (u)
εT ′(x)(2 · 1+ 3) +
∑
x∈V ′ \N[u]
εT ′(x)(2 · 2+ 3) (4.13)
T T
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= 56m − 13∣∣NT ′(u)∣∣− 50
 43m − 37. (4.15)
In view of (4.10), equality in (4.13) holds if and only if d(u, x) = 2 for all x ∈ V T ′ \ N[u]; equality in (4.14) holds if and
only if εT ′ (u) = 2, εT ′(x) = 3 for all x ∈ NT ′(u) and εT ′(x) = 4 for all x ∈ VT ′ \ N[u]; equality in (4.15) holds if and only if
|NT ′(u)| =m − 1. Hence, 3 = 43m − 37 holds if and only T ′ ∼= T ′2m−1,m−1, or T ′ ∼= Tˆ , where Tˆ = T2m−1,m−1 − uq + rq.
On the other hand,
′3 =
(
1+ εT ′(u)
)(
DT ′(u) + 1+ 2m − 1
)+ (2+ εT ′(u))(DT ′(u) + 1+ 2(2m − 1))
= (2εT ′(u) + 3)DT ′(u) + (6m − 1)εT ′(u) + 10m − 2
 7DT ′(u) + 2(6m − 1) + 10m − 2 (4.16)
 7
(
(m − 1) + 2(m − 1))+ 22m − 4 (4.17)
= 43m − 25.
In view of (4.10), equality in (4.16) holds if and only if εT ′ (u) = 2; equality in (4.17) holds if and only if |NT ′(u)| = m − 1
and d(u, x) = 2 for all x ∈ VT ′ \ N[u]. Hence, ′3 = 43m − 25 holds if and only if T ′ ∼= T ′2m−1,m−1, or T ′ ∼= Tˆ , where Tˆ =
T2m−1,m−1 − uq + rq.
Therefore, combining with (4.12) and by induction we obtain
ξd(T ) ξd
(
T ′2m−1,m−1
)+ 86m − 62 (4.18)
= ξd(T ′2m+1,m).
Equality holds in (4.18) if and only if T ′ ∼= T ′2m−1,m−1 and all the equalities in (4.11)–(4.18) hold, hence T ∼= T ′2m+1,m . Hence,
our result holds for n = 2m + 1.
We now suppose n > 2m + 1 and proceed by induction on n. Let T ∈ Tn,m \ {Tn,m}. By Lemma 2.3, T has an m-matching
M and a pendant vertex v such that M does not saturate v and T − v  Tn−1.m . Let u be the unique vertex such that vu is
a pendant edge. Let T ′ = T − v . It is easy to check that T ′ ∈ Tn−1,m \ {Tn−1,m}, hence
εT (x) εT ′(x) 2 for any x ∈ VT ′ , εT (v) = 1+ εT ′(u) and
∣∣NT ′(u)∣∣ n −m − 2. (4.19)
By the deﬁnition of EDS, we have
ξd(T ) =
∑
x∈VT ′
εT (x)DT (x) + εT ′(v)DT (v)
=
∑
x∈VT ′
εT (x)
(
DT ′(x) + dT ′(x,u) + 1
)+ ′4

∑
x∈VT ′
εT ′(x)
(
DT ′(x) + dT ′(x,u) + 1
)+ ′4 (4.20)
= ξd(T ′)+ 4 + ′4, (4.21)
where
4 =
∑
x∈VT ′
εT ′(x)
(
dT ′(x,u) + 1
)
, ′4 = εT (v)
(
DT ′(u) + n − 1
)
.
The inequality in (4.20) follows from (4.19), with equality if and only if εT (x) = εT ′(x) for all x ∈ VT ′ . In what follows we
are to determine the sharp lower bounds on 4 and ′4, respectively.
On the one hand,
4 = εT ′(u)
(
dT ′(u,u) + 1
)+ ∑
x∈NT ′ (u)
εT ′(x)
(
dT ′(x,u) + 1
)+ ∑
x∈VT ′ \NT ′ [u]
εT ′(x)
(
dT ′(x,u) + 1
)
 εT ′(u) +
∑
x∈NT ′ (u)
εT ′(x)(1+ 1) +
∑
x∈VT ′ \N[u]
εT ′(x)(2+ 1) (4.22)
 2+ 3 · 2 · ∣∣NT ′(u)∣∣+ 4 · 3 · (n − 1− ∣∣NT ′(u)∣∣− 1) (4.23)
= 12n − 6∣∣NT ′(u)∣∣− 22
 6n + 6m − 10. (4.24)
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only if εT ′ (u) = 2, εT ′ (x) = 3 for all x ∈ NT ′(u) and εT ′(x) = 4 for all x ∈ VT ′ \ N[u]; equality in (4.24) holds if and only if
|NT ′(u)| = n −m − 2. Hence, 4 = 6n + 6m − 10 holds if and only if T ′ ∼= T ′n−1,m .
On the other hand,
′4 =
(
1+ εT ′(u)
)(
DT ′(u) + n − 1
)
= (εT ′(u) + 1)DT ′(u) + (n − 1)εT ′(u) + n − 1
 3DT ′(u) + 2(n − 1) + n − 1 (4.25)
 3(n −m − 2+ 2m) + 3n − 3 (4.26)
= 6n + 3m − 9.
In view of (4.19), equality in (4.25) holds if and only if εT ′ (u) = 2; equality in (4.26) holds if and only if |NT ′(u)| = n−m−2
and d(u, x) = 2 for all x ∈ VT ′ \ N[u]. Hence, ′4 = 6n + 3m − 9 holds if and only if T ′ ∼= T ′n−1,m .
Therefore, combining with (4.21) and by induction we obtain
ξd(T ) ξd
(
T ′n−1,m
)+ 12n + 9m − 19 = ξd(T ′n,m). (4.27)
Equality holds in (4.27) if and only if T ′ ∼= T ′n−1,m and all the equalities in (4.20)–(4.27) hold. Hence, T ∼= T ′n,m .
This completes the proof. 
5. The third and fourth minimal EDS of trees with given diameter
Let C(a1,a2, . . . ,ad−1) be a caterpillar obtained from a path Pd with vertices v0, v1, . . . , vd by attaching ai pendant
edges to vertex vi, i = 1,2, . . . ,d − 1. Clearly, C(a1,a2, . . . ,ad−1) has diameter d and n = d + 1+∑d−1i=1 ai . For simplicity, let
Cn,d := C(0, . . . ,0,ad/2,0, . . . ,0) and C ′n,d := C(0, . . . ,0,ad/2 − 1,1,0, . . . ,0), where ad/2 = n − d − 1. Denote T dn by the
set of all n-vertex trees of diameter d.
For caterpillar C(a1,a2, . . . ,ad−1), let 1 r  d−1 be the smallest index such that ar > 0 and analogously let 1 s d−1
be the largest index such that as > 0. Assume that we move ar pendant vertices from vr to vr+1, and denote the resultant
tree by T ′ . In view of the proof of Theorem 4.1 in [18], we get
ξd
(
C(a1,a2, . . . ,ad−1)
)
> ξd
(
T ′
)
.
We call this transformation as Transformation II. We can apply Transformation II to decrease EDS, as long as we do not get
the extremal tree Cn,d , which is shown by Yu, Feng and Illic´ [18] that Cn,d is unique tree in T dn with the minimal EDS. As
a consequence, they determined the n-vertex trees with the minimal and second minimal EDS. In this section, we are to
show that C ′n,d deﬁned as above is the unique tree with the second minimal EDS in T
d
n . We also determine the n-vertex
trees with the third and fourth minimal EDS.
It is known [18]1 that
ξd(Cn,d) =
{
− 796d4 + (n3 − 1724 )d3 + (n4 + 724 )d2 + (n2 − 236 n + 236 )d + 2n2 − 5n + 3, if d is even,
− 796d4 + (n3 − 56 )d3 + ( 3n8 + 1148 )d2 + (n2 − 296 n + 296 )d + 3n2 − 558 n + 12332 , if d is odd.
(5.1)
Given a positive integer t , let Cd(t) be the tree obtained from Cn−t,d and St+1 by identifying a pendant vertex, say u,
in the neighborhood of vd/2 with the center of the star St+1. In particular, if we denote the pendent vertices of St+1 by
x1, x2, . . . , xt , we have Cd(1) = Cd(t) − {ux2,ux3, . . . ,uxt} + {vd/2x2, vd/2x3, . . . , vd/2xt}.
Theorem 5.1. C ′n,d (d 3) has the second minimal eccentric distance sum in T dn ,
ξd
(
C ′n,d
)=
{
− 796d4 + (n3 − 1724 )d3 + (n4 − 1124 )d2 + (n2 − 176 n − 23 )d + 2n2 − 4, if d is even,
− 796d4 + (n3 − 56 )d3 + ( 3n8 − 3748 )d2 + (n2 − 236 n − 16 )d + 3n2 − 318 n − 6932 , if d is odd.
(5.2)
Proof. Choose T ∈ T dn \ {Cn,d} such that its EDS is as small as possible. From the proof of Theorem 4.1 in [18], it is easy to
see that T can be transformed into Cn,d by carrying the Transformations I and II repeatedly. Let A be the set of all trees in
T dn \ {Cn,d} which can be transformed into Cn,d by carrying Transformation I once. Let B be the set of all trees in T dn \ {Cn,d}
which can be transformed into Cn,d by carrying Transformation II once. Note that Transformation I (resp. II) decreases EDS,
hence the trees with the second minimal EDS in T dn must be in A ∪ B .
1 The value of ξd(Cn,d) in [18] is not correct. Here, we give the correct version.
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in A, it suﬃces to show the following claim.
Claim 1. ξd(Cd(t)) > ξd(Cd(1)) for t  2.
Proof. For convenience, let V1 = {v0, v1, . . . , vd}, V2 = {x1, x2, . . . , xt} and V3 = VCd(t) \ (V1 ∪ V2). Note that there ex-
ist vertices x and y in V1 such that εCd(1)(x) = εCd(1)(u) and εCd(1)(y) = εCd(1)(x1). On the other hand, εCd(t)(w) =
εCd(1)(w) + 1 > εCd(1)(w) for w ∈ V2 \ {x1} and εCd(t)(w) = εCd(1)(w) for w ∈ V1 ∪ V3 ∪ {x1}.
By the deﬁnition of EDS, we have
ξd
(
Cd(t)
)− ξd(Cd(1))= ∑
w∈V1
εCd(1)(w)
(
DCd(t)(w) − DCd(1)(w)
)+ ∑
w∈V3
εCd(1)(w)
(
DCd(t)(w) − DCd(1)(w)
)
+
∑
w∈V2
(
εCd(t)(w)DCd(t)(w) − εCd(1)(w)DCd(1)(w)
)
> (t − 1)
∑
w∈V1
εCd(1)(w) − (t − 1)εCd(1)(u) + (t − 1)
∑
w∈V3\{u}
εCd(1)(w)
− (t − 1)εCd(1)(x1) +
∑
w∈V2\{x1}
εCd(1)(w)
(
DCd(t)(w) − DCd(1)(w)
)
= (t − 1)
(∑
w∈V1
εCd(1)(w) +
∑
w∈V3\{u}
εCd(1)(w) − εCd(1)(u) − εCd(1)(x1)
)
+ (n − t − 3)
∑
w∈V2\{x1}
εCd(1)(w)
 0,
as desired. 
For T ∈ B , by the deﬁnition of B , B must be C(0, . . . ,0,a d2 −1,a d2 ,0, . . . ,0) with a d2 −1  1,a d2 −1 + a d2  = n −
d − 1 or C(0, . . . ,0,a d2 ,a d2 +1,0, . . . ,0)) with a d2 +1  1,a d2  + a d2 +1 = n − d − 1. In order to characterize the tree with
minimal EDS in B , it suﬃces to show the following claim.
Claim 2.We have
(i) ξd(C(0, . . . ,0,a d2 −1,a d2 ,0, . . . ,0)) > ξ
d(C(0, . . . ,0,1,a d2  + a d2 −1 − 1,0, . . . ,0)) for a d2 −1  2.
(ii) ξd(C(0, . . . ,0,a d2 ,a d2 +1,0, . . . ,0)) > ξ
d(C(0, . . . ,0,a d2  + a d2 +1 − 1,1,0, . . . ,0)) for a d2 +1  2.
(iii) ξd(C(0, . . . ,0,a d2  + a d2 +1 − 1,1,0, . . . ,0)) ξ
d(C(0, . . . ,0,1,a d2  + a d2 −1 − 1,0, . . . ,0)), with equality if and only if d
is even.
Proof. (i) For convenience, let T0 := C(0, . . . ,0,a d2 −1,a d2 ,0, . . . ,0) and T
′ := C(0, . . . ,0,1,a d2  + a d2 −1 − 1,0, . . . ,0),
where a d2 −1  1. Let ˆ := ξ
d(T ′) − ξd(T0). By the deﬁnition of EDS, we have
ˆ =
d/2−1∑
i=0
ε(vi)
(
DT ′(vi) − DT0(vi)
)+ (ε(vd/2−1) + 1)(DT ′(vd/2−1) − DT0(vd/2−1))
+ ad/2
(
ε(vd/2) + 1
)(
DT ′(vd/2) − DT0(vd/2)
)+ (ad/2−1 − 1)(ε(vd/2) + 1)(DT ′(vd/2) + n − 2)
− (ad/2−1 − 1)
(
ε(vd/2−1) + 1
)(
DT0(vd/2−1) + n − 2
)+ d∑
i=vd/2
ε(vi)
(
DT ′(vi) − DT0(vi)
)
= (ad/2−1 − 1)
d/2−1∑
i=0
ε(vi) + (ad/2−1 − 1)
(
ε(vd/2−1) + 1
)− ad/2(ε(vd/2) + 1)(ad/2−1 − 1)
+ (ad/2−1 − 1)
(
ε(vd/2) + 1
)(
DT ′(vd/2) + n − 2
)− (ad/2−1 − 1)(ε(vd/2−1) + 1)
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d∑
i=vd/2
ε(vi)
= (ad/2−1 − 1)
(d/2−1∑
i=0
ε(vi) −
d∑
i=vd/2
ε(vi) +
(
ε(vd/2−1) + 1
)− ad/2(ε(vd/2) + 1)
)
+ (ad/2−1 − 1)
((
ε(vd/2) + 1
)(
DT ′(vd/2) + n − 2
)− (ε(vd/2−1) + 1)(DT0(vd/2−1) + n − 2))
=
⎧⎨
⎩
(ad/2−1 − 1)(−a d−1
2
(d + 5) − a d−3
2
− (d+1)24 − (d + n)), if d is odd,
(ad/2−1 − 1)(−a d
2
(d + 4) − a d
2−1 −
d2
4 − d2 − (n − 3)), if d is even.
It is easy to check that ˆ 0, and the equality holds if and only if ad/2−1 = 1, since −a d−1
2
(d+5)−a d−3
2
− (d+1)24 − (d+n)
< 0 and −a d
2
(d + 4) − a d
2−1 −
d2
4 − d2 − (n − 3) < 0.
(ii) By a similar discussion as in the proof of (i), we can also show that (ii) holds. We omit the procedure here.
(iii) If d is even, then C(0, . . . ,0,a d2  + a d2 +1 − 1,1,0, . . . ,0)) ∼= C(0, . . . ,0,1,a d2  + a d2 −1 − 1,0, . . . ,0). For odd d, let
T ′′ := C(0, . . . ,0,a d2  + a d2 +1 − 1,1,0, . . . ,0)). In fact, T
′′ ∼= C ′n,d . By the deﬁnition of EDS, we have
ξd
(
T ′
)− ξd(T ′′)= i=d∑
i=0
ε(vi)
(
DT ′(vi) − DT ′′(vi)
)+ (n − d − 2)(ε(v d−1
2
) + 1)(DT ′(v d−1
2
) − DT ′′(v d−1
2
)
)
+ (ε(v d−3
2
) + 1)(DT ′(v d−3
2
) + n − 2)− (ε(v d+1
2
) + 1)(DT ′′(v d+1
2
) + n − 2)
> −2
i= d−32∑
i=0
ε(vi) + 2
i=d∑
i= d+12
ε(vi) + 0 · ε(v d−1
2
) + 0 · (n − d − 2)(ε(v d−1
2
) + 1)
+ (ε(v d+1
2
) + 1)(DT ′(v d−3
2
) − DT ′′(v d+1
2
)
)
= 2ε(v d+1
2
) + 2(ε(v d+1
2
) + 1)
= 2d + 4
> 0,
as desired. 
In view of Claims 1 and 2, it suﬃces to compare ξd(C ′n,d) and ξ
d(Cd(1)) to complete the proof. Let x1 and u be the
vertices in Cd(1) mentioned in Claim 1, then the eccentricity of x1 changes, while the eccentricities of other vertices remain
the same between C ′n,d and Cd(1). By the deﬁnition of EDS, we get
ξd
(
C ′n,d
)− ξd(Cd(1))= d/2∑
i=0
ε(vi)
(
DC ′n,d (vi) − DCd(1)(vi)
)+ d∑
i=d/2+1
ε(vi)
(
DC ′n,d (vi) − DCd(1)(vi)
)
+
∑
w∈VCd(1)\(V Pd+1∪{u,x1})
(
ε(vd/2) + 1
)(
DC ′n,d (w) − DCd(1)(w)
)
+ ε(u)(DC ′n,d (u) − DCd(1)(u))+ εC ′n,d (x1)DC ′n,d (x1) − εCd(1)(x1)DCd(1)(x1)
 0− 2
d∑
i=d/2+1
ε(vi) + 0+ 2ε(u) + εCd(1)(x1)
(
DC ′n,d (x1) − DCd(1)(x1)
)
= 2
(
ε(u) −
d∑
i=d/2+1
ε(vi)
)
+ εCd(1)(x1)
(
DC ′n,d (x1) − DCd(1)(x1)
)
.
It is easy to see that
DC ′n,d (x1) − DCd(1)(x1) =
 d2 ∑
i=0
0+
d∑
i= d +1
(−2) + (n − d − 3) · 0+ 3− 1 2− d < 0,2
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ε(u) −
d∑
i=d/2+1
ε(vi) 0.
Therefore, we have ξd(C ′n,d) < ξ
d(Cd(1)).
By direct calculations, we get
ξd
(
C ′n,d
)=
{
− 796d4 + (n3 − 1724 )d3 + (n4 − 1124 )d2 + (n2 − 176 n − 23 )d + 2n2 − 4, if d is even,
− 796d4 + (n3 − 56 )d3 + ( 3n8 − 3748 )d2 + (n2 − 236 n − 16 )d + 3n2 − 318 n − 6932 , if d is odd.
This completes the proof. 
Let Ln,k be the n-vertex tree obtained from the star K1,n−k−1 by attaching k pendant edges to one of pendant vertices of
K1,n−k−1, where k ∈ {1,2, . . . ,  n2  − 1}. Obviously, Ln,1 = Cn,3 and Ln,2 = C ′n,3.
Theorem 5.2. Among trees on n vertices, C ′n,3 has the third minimal eccentric distance sum, whereas Ln,3 has the fourth minimal
eccentric distance sum.
Proof. In view of (5.1) and (5.2), for even d (4 d n − 2), we have
ξd(Cn,d+1) − ξd
(
C ′n,d
)= − 5
12
d3 +
(
9
8
n − 9
4
)
d2 +
(
−1
4
n + 19
6
)
d + 2n2 − 11n + 12 = f (d).
By direct veriﬁcation, it follows
f ′(d) = −5
4
d2 +
(
9
4
n − 9
2
)
d − 1
4
n + 19
6
> 0,
which implies f (d) is an increasing function in d and f (d) f (4) = 2n2 + 6n − 38 > 0 for n 5.
Similarly, for odd d (3 d n − 2) we have
ξd(Cn,d+1) − ξd
(
C ′n,d
)= −1
6
d3 +
(
7
8
n − 3
2
)
d2 +
(
3
2
n + 13
6
)
d − 35
8
n + 17
2
= g(d).
By taking derivatives, it follows
g′(d) = −1
2
d2 +
(
7
4
n − 3
)
d + 3
2
n + 13
6
> 0,
hence g(d) is an increasing function in d. So we have g(d) g(3) = 8n − 3 > 0 for n 3. By Lemma 2.5, we get ξd(Cn,d)
ξd(C ′n,d). Therefore, we obtain the following
ξd(Cn,2) ξd(Cn,3) ξd
(
C ′n,3
)
 ξd(Cn,4) · · · ξd(Cn,n.2) ξd
(
C ′n,n−2
)
 ξd(Cn,n−1) = ξd(Pn).
Now we compare ξd(Ln,k) (3 k  n2  − 1) with ξd(Cn,4). By simple calculation, we have
ξd(Ln,k) = 6n2 − 6k2 + 6nk − 12k − 15n + 10, ξd(Cn,4) = 6n2 + 5n − 41.
This gives
ξd(Ln,k) − ξd(Cn,4) = −6k2 + 6nk − 12k − 20n + 51 = h(k).
By direct veriﬁcation, it follows
h′(k) = −12k + 6n − 12 = −12
(
k − n
2
+ 1
)
 0.
Note that h(3) = −2n − 39 < 0, hence ξd(Ln,3) < ξd(Cn,4). We conclude that C ′n,3 has the third minimal eccentric distance
sum, while Ln,3 has the fourth minimal eccentric distance sum among trees on n vertices. 
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